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Abstract. We study transverse conformal Killing forms on foliations and 
prove a Gallot-Meyer theorem for foliations. Moreover, we show that on a foliation 
with C-positive normal curvature, if there is a closed basic 1-form such that 
= gC0, then the foliation is transversally isometric to the quotient of a 
g-sphere. 

1 Introduction 

On Riemannian manifolds. Killing vector fields and conformal vector fields are 
very important geometric objects. Killing forms and conformal Killing forms 
are generalizations of such objects and were introduced by K. Yano [2H] and T. 
Kashiwada [TT][T?| : they have been considered by many researchers [T^23|24|[^ . 
Recently, U. Semmelmann [23] defined the conformal Killing forms by the kernel 
of the twistor operator T, which is defined on the exterior algebra, and proved 
many interesting results [T9][23] . 

In this paper, we study the analogous problems on foliations. Let JF be a 
transversally oriented Riemannian foliation on a compact oriented Riemannian 
manifold M with codimension q. A transversal infinitesimal automorphism of 
is an infinitesimal automorphism preserving the leaves. A transversal Killing field 
is a transversal infinitesimal isometry, i.e., its flow preserves the transverse metric. 
A transversal conformal field is a normal field with a flow preserving the confor- 
mal class of the transverse metric. Such geometric objects give some information 
about the leaf space MjT . There are several known results about transversal 
Killing and conformal fields [7|l9|21|26ll27ll29j . Since the space of transversal in- 
finitesimal automorphisms can be identified with the space of the basic 1-forms, 
we can consider natural generalizations to differential forms. These are called 
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transverse conformal Killing forms or transverse twistor forms, which are defined 
to be basic forms such that for any vector field X normal to the foliation, 



Vx0 - -^t{X)d<f) + ^—-X* A 5t0 = 0, 

r + 1 q — r + I 

where r is the degree of the form 0, X* the dual 1-form of X, and q is the 
codimension of JF. See Section 3 for the definition of 6t- The transverse conformal 
Killing forms with 6T(f) = are called transverse Killing forms. 

This paper is organized as follows. In Section 2, we review well-known facts 
concerning basic forms and give a generalization of Meyer's theorem for foliations. 
In Section 3, we study transverse conformal Killing forms on foliations and prove 
some vanishing theorems. In Section 4, we study a Gallot-Meyer theorem [3] 
for foliations. Namely, let {M^qmiO-') be a compact Riemannian manifold with a 
foliation T (codimjF = q) that has C-positive normal curvature and a bundle-like 
metric qm- Then, for any basic r-form (1 < r < g — 1), any eigenvalue of 
the basic Laplacian for satisfies 




r(g - r + 1)C, if c?b0 = 0, 
(r+l)(g-r)C, if 5^0 = 0. 



Moreover, we show that, if M admits a closed basic 1-form such that ^b4' = 
gC0 and the foliation has C-positive normal curvature, then the foliation is 
transversally isometric to the quotient of a g-sphere. Lastly, we study special 
transverse Killing forms in Section 5. 



2 Basic forms and Meyer's Theorem 

Let (M, qmi 0-') be a (p -|- g)-dimensional Riemannian manifold with a foliation 
of codimension q and a bundle-like metric qm with respect to JF. Then we have 
an exact sequence of vector bundles 

— >L — >TM^Q — >0, (2.1) 

where L is the tangent bundle and Q = TM/L is the normal bundle of JF. The 
metric qm determines an orthogonal decomposition TM = L©L^, identifying Q 
with and inducing a metric gq on Q. The metric is bundle-like if and only if 
LxQq = for every X G TL, where Lx is the transverse Lie derivative. Let V^(JF) 
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be the space of all vector fields Y on M satisfying [Y, Z] G TL for all Z G TL. 
An element of V{J^) is called an infinitesimal automorphism of JF. Let 

V{T) = {Y := 7i{Y) I Y G V{J^)}. (2.2) 

Then we have an associated exact sequence of Lie algebras 

— yVL — > V{T)^V{T) — > 0. (2.3) 

Let V be the transverse Levi-Civita connection on Q, which is torsion-free and 
metric with respect to gq. Let R'^,K^,p^ and be the transversal curvature 
tensor, transversal sectional curvature, transversal Ricci operator and transversal 
scalar curvature with respect to V, respectively. Let fi^(jF) be the space of all 
basic forms on M, i.e., 

fl*B{:F) = {iu e n*{M) I i{X)iu = 0, i{X)duj = 0, VX G TL}. (2.4) 

Then L^{n*{M)) is decomposed as [B [22] 

L\n{M)) = L\nB{r)) © L\nB{r))^. (2.5) 

We have l^^(J') C r(A^Q*) and V{T) ^ Vt]^{T). Now we define the connection 
V on f2^(jF), which is induced from the connection V on Q and Riemannian 

o 

connection V*^ of qm- This connection V extends the partial Bott connection V 

o 

given by Vx4' = Lx4' for any X G TL [10]. Then the basic forms are characterized 

by fi|j(J^) = KerV C T{AQ*{J^)). Let P : L\n*{M)) L\n*j^{J^)) be the 
orthogonal projection onto basic forms [22], which preserves smoothness in the 
case of Riemannian foliations. For any r-form 0, we put the basic part of as 
(f)B '■= P4>- The exterior differential on the de Rham complex Q*{M) restricts a 
differential cIb : ^U^) ^ ^''b\J^)- Let k e Q* he the mean curvature form of 
J-'. Then it is well known [T] that hb '■= Pi^ is closed. We now recall the star 
operator * : fi'^(M) ^ n^-'^M) given by [221127] 

*0 = (-i)p(i-r) * (0 A xt), V0 G Q'-{M), (2.6) 

where X:f is the characteristic form of and * is the Hodge star operator associ- 
ated to Qm- The operator * maps basic forms to basic forms and has the property 
that [27] 

*0 = *</)Ax^, V0G^]^B(^). (2.7) 
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For any (l),ip e ^Yq{T), cj) /\*ip = ip /\*(j) and also = (-l)''^''"'')^. Let v be 
the transversal volume form, i.e., *v = xt- The pointwise inner product ( , ) on 
bJQ* is defined uniquely by 

(0,^/;)z/ = (/) A (2.8) 

The global inner product -C ■, ■ on L^(f2^(jF)) is 

<0,^>B= / (0,^)/iM, V0,^Gn^(^), (2.9) 
jm 

where [lu = v Nxt '^^ the volume form with respect to gu- With respect to this 
scalar product, the formal adjoint bs '■ ~^ ^!b~^(-^) '^b is given by [22] 

5^0 = (-l)9('^+i)+i*dr*0 = M + (2-10) 

where dr = d — kbA and = (— 1)'^'^''"''"^)+^*^* is the formal adjoint operator of 
dr with respect to L^(fi^(jF)). Note that 

i(4)0 = A *0, V0 e nU^), (2.11) 

since is basic. 

Lemma 2.1 On a Riemannian foliation T , for any basic r-form (f), 

(2(4)0, >-^|5T0|'-^K(4)0r, and (2.12) 

{dB4>, A 0) < ^\dB(p\^ + ^l^iB A 01^ (2.13) 

Proof. From |5_b0P > and |c/t0P > 0, the proof follows. □ 

The basic Laplacian is given by = dB^B + bBds- Let TCb{^) = KctAb 
be the set of the basic-harmonic forms of degree r. Then we have [lOl [22] 

Q^BiJ^) = n^BiJ^) © imrfs © im6B (2.14) 

with finite dimensional 7i^(jF). Let {£'a}(a = 1, ■ ■ ■ ,g) be a local orthonormal 
frame for Q, chosen so that each Ea G V{J-'). Then the dual frame {6'^} consists 
of local basic forms. Let V*i, be a formal adjoint of Vtr = J2a (^°'®^ Ea '■ ^!b(-^) ~^ 
Q* ® n^(J^). Then = - Ea(^(^a) ® id)V£;„ + (i(4) ® id), and so 

V;Vt. = -$^V|^,^^ + V,^ :r]^s(.F)^fi^(^), (2.15) 
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where V^y = VxVy — VyMy for any X,Y E TM. The operator V*j,Vtr is 
positive definite and formally self adjoint on the space of basic forms We 
define the bundle map Ay : A'^Q* ^ A''Q* for any Y e V{J^) [9] by 

Ay0 = Ly0 - Vy0. (2.16) 

Since Lx(f) = Vx0 for any X G TL, Ay preserves the basic forms and depends 
only on Y. We recall the generalized Weitzenbock formula. 

Theorem 2.2 On a Riemannian foliation T , we have 

Ab0 = V;Vtr0 + F{<f)) + Aj^<j), e n^-^iJ^), (2.17) 

where F{(j)) = ^^^6" A i{Eb)R^ {Eb, Ea)(j). If (f) is a basic 1-form, then F{(j)f = 
p^(0«). 

Let 7^^ : A^Q* — * A'^Q* be the normal curvature operator, which is defined by 

{n^{uj,Auj2),uj3Auj,,)=gQiR^iJ,,4)4,4), (2.18) 

where Ui ^ Q*{i = 1, ■ ■ ■ ,4). Then has constant transversal sectional curvature 
C if and only if TZ^u = Cuo for any basic 2-form uj. 

Definition 2.3 A Riemannian foliation is said to have C -positive normal cur- 
vature if there exists a positive constant C such that 

(7^^u;,cJ) > (2.19) 

for any 2-form uo G T{A^Q*). 

Then we have a generalization of the Meyer theorem for foliations. 

Theorem 2.4 Let T he a Riemannian foliation that has C -positive normal cur- 
vature on a compact Riemannian manifold (M, Qm)- Then for any arbitrary basic 
r-form 0(l<T<g — 1, q = codimT), 

(F(0),0)>r(g-r)C|0|2. (2.20) 

The equality holds locally if and only if has constant transversal sectional cur- 
vature C . 
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Proof. The proof is similar to that in [TB]. See also [TS]. □ 

Let A be the O'Neill's integrability tensor [2U], which satisfies 

AxY = ^7r^[X,Y], X,YeTL^, (2.21) 

where vr-*- : TM ^ L is an orthogonal projection. It is trivial that L-^ is integrable 
if and only if ^ = on TL-^. Moreover, it is well-known |20j that, for any unit 
normal vectors X,Y & TQ, we have 

K^{X,Y) = K^{X,Y) + 3\AxY\'^, (2.22) 

where i^*^ is the sectional curvature of qm on M. Equivalently, for any basic 
1-forms uJi and u)2, 

(7^^(cul AcU2),cJi ACU2) = (7^*^(cJl Acj2),cui + lAjull^ (2.23) 

where TZ^'^ is the curvature operator on M. From the equation fl2.23p . if M has a 
C-positive curvature, then the foliation J-' has also a C-positive normal curvature. 
Hence we have the following corollary. 

Corollary 2.5 Let J-" be a Riemannian foliation on a space {M^qm) that has 
C-positive curvature and qm a bundle-like metric. Then for any basic r-form (p, 

(F(0),0)>r(g-r)C|0|l (2.24) 

If the equality holds, then L-^ is integrable and M has constant curvature C. The 
converse holds if M has a constant curvature C. 

Proof. Inequality (12.241) is a consequence of Theorem 12. 4[ because T has C- 
positive normal curvature. If equality holds, then the transversal sectional curva- 
ture is the constant C . From (12.221) . we know that AxY = for all X,Y & TQ, 
which means L-^ is integrable. □ 

3 Transverse conformal Killing forms 

For details for the non-foliation case, see [23]. Let {M^qm-,^) be a Riemannian 
manifold with a foliation T of codimension q and a bundle-like metric qm- Then 
Q* ® hJ'Q* of 0(g)-representation is isomorphic to the following direct sum: 

Q* O K'Q* = A'-^Q* © A"+ig* © A'-'^Q*, (3.1) 
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where A^'^Q* is the intersection of the kernels of wedge product and contraction 
map. Elements of A^'^Q* can be considered as 1-forms on Q with values in K^Q*. 
For any s e Q,uj E Q* and G IVQ*, the projection Pr a^.i : Q* ® K^'Q* — > 
IV'^Q* <zQ* ® JV'Q* is then explicitly given by 

[Prf^rAuo O (p)]is) = u(s)^ —i(s)(uj A 0) s* A (3.2) 

r + 1 q — r + 1 

where s* denotes the ^fg-dual 1-form to s, i.e., s*{v) = gQ{s,v) and a;" is the 
vector defined by uj{s) = Qq^uj^, s). Now, we define the operator Ttr : T{A'^Q*) — > 
r(A'''^Q*) by 

[T,,<P]{v) : = [Prj,r4Vtrmv) (3-3) 
_ , 1 



i{v)dB(f) H -V* A (5^0 



r + 1 g — r + 1 

for any v E Q. The formal adjoint operator Tj* : r(A'''^Q*) r(A^(5*) of Ttr is 
given by 

^t: = i-J2'(^<^)®'d)VE. + (z(4) ®zrf). (3.4) 

a 

For any G A^'^Q* and any v e Q, v* A {Ttr(p){v) = = i(f )(Ttr0)(t;). So M 
is proved. 

Definition 3.1 A basic r-form e n^(.7-') is called a transverse conformal 
Killing r-form if for any vector field X G FQ, 

Vx0 = ^2(X)rfB0 ^—^X* A (5t0, (3.5) 

r + 1 g — r + 1 

where 5t = — '^('^s)- addition, if the basic r-form satisfies 5^0 = 0, it is 
called a transverse Killing r-form. 

Note that a transverse conformal Killing 1-form is a (^g-dual form of a transverse 
conformal Killing vector field. In fact, let be a transverse conformal Killing 
1-form. Then for any F, Z G TQ 

gQ{Vz4>KY) = (Vz0)(r) =ht{Z)dB<P)iY) - -iST<P)Z*{Y) 

L q 

=\dB<P{Z,Y)--{5Tct>)9Q{Z,Y). 
z q 
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Since = — divy^", we have 

{L^mW, z) = ^divv(0«)^Q(y, z) vy, z e rg. 

This means that (p^ is a transverse conformal KiUing vector field. Note that since 
(f) is basic, the ^^Q-dual vector 0" and g^M-dual vector 0" are the same. 

Proposition 3.2 A basic r-form (p is a transverse conformal Killing form if and 
only if, for any vector fields X, F, Xa G TQ, 

{l{X)VY4> + ^{Y)Vx4>}{X2,■■■ ,Xr) 

r 

= 2<7q(X, Y)9{X^, • • • , X,) - Y,{-lf{gQ{Y, X,)9{X, X2, • • • , • • ■ , X,) 

a=2 

+ gQ{X,Xa)e{Y,X2,--- ,Xa,--- ,Xr)}, 

where 6 = ^-r^T^/* and X means that X is deleted. 

A basic r-form is a transverse KiUing r-form if and only if for any X e TQ, 

i{X)Vx(t> = 0. (3.6) 
Then we have the following proposition. 

Proposition 3.3 Let (j) he a transverse Killing r-form and let be a transversal 
geodesic, i.e., 7' e TQ andVyj' = 0. Theni{j')4> is parallel along the transversal 
geodesic 7. 

Proof. In fact, for any transverse Killing form e O^(J^), we have 
Vyi(7')0 = i(Vy7')0 + i(7')Vy0 = 0. □ 

Lemma 3.4 On a Riemannian foliation T of codimension q, any basic r-form 
4> satisfies 

|Vtr0|| > + ^— ^IMIl- (3.7) 

The equality holds if and only if (f) is a transverse conformal Killing r-form, i.e., 
Ttrcp = 0. 
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Proof. This proof is similar to the one in [22] • □ 

Let qm = Ql + 9q{= ^'^^9q), where m is a basic function. Then we have the 
following. 

Proposition 3.5 On a Riemannian foliation J-" , the transverse Levi-Civita con- 
nections V and V are related by 

Vx0 = Vx0 - rX{u)(f) - dsu A i(X)0 + X* A i(gradv(M))0 (3.8) 

for any X G VQ and G fi^(jF), where grady (m) = Ea{u)Ea is a transversal 
gradient of u. 

Proof. From the relation between V and V given by 



Vxvr(r) = Vx^y) + X{u)tx{Y) + Y{u)ti{X) - (?Q(7r(X), 7r(r))gradv(M), 



the proof follows. □ 

Then we have the following theorem. 

Theorem 3.6 Let {M,gM,^) be a Riemannian manifold with a foliation J-" and 
a bundle-like metric Qm- Let G be a transverse conformal Killing r- 

form. Then (f) = e^^'^^^^cp is a transverse conformal Killing r-form with respect to 
the metric gq = e^'^gq . 

Proof. First, from fl3.8l) and = e~^"/t we have that, for any basic r-form 0, 



Let G be a transverse conformal Killing r-form. Then, for = e^''"''^^"0, 

we have from fl3.8p 



i(X)dB(j) =(r + l)e("+^)"{X(M)0 - deu A t(XU + i(X)dB(j)}, 

r + 1 

X* A 5r0 = e("+^)"X* A {5r0 - (g - r + l)z(gradv(M))0}, 
where X* = e^^X is (^g-dual form to X. Hence from (13. ip and (13.80 . we have 



dB(j) = dB(j), 5B<P = e + (2r - g)i(grady(M))}0. 



(3.9) 



1 




X* A 5t0 



= e("+^)"{^— z(X)c/b0 



r + 1 



g — r + 1 



1 



X* A 5t0 + X(m)0 - dBU A i(X)0 



+ X* Ai(gradv(M))0} 
= Vjf0. 



9 



So is a transverse conformal Killing r-form with respect to qq. □ 
From fl3.4p . we have the another generalized Weitzenbock formula. 

Proposition 3.7 On a Riemannian foliation T , we have the following Weitzenbock 
formula; for any basic r-form cf) 

T:j,,(t) =VtVtr<P - -^SsdB^ ^—-dT5T<P, (3.10) 

r + 1 g — r + 1 

where djn = ds — k_bA is formal adjoint of 6t- 

From fl2.10p . we have that on Qb{^) 

[r;rt„*] = o. (3.11) 

Hence we have the following corollary. 

Corollary 3.8 Any basic r-form (p is a transverse conformal Killing r-form if 
and only if *(f) is a transverse conformal Killing {q — r) -form. 

Now we define K : ^ ^ei^) by 

=c/Bi(/€{j)0 + /tB A(5t0. (3.12) 

Trivially K is formally self adjoint operator and K is identically zero when JF is 
minimal. From (12.171) and (13.101) . we have the following proposition. 

Proposition 3.9 On a Riemannian foliation T , we have that, for any basic r- 
form G fi^(JF), 

t,:t,,0 = ^^ssdB^ + ^^^dsSB<p + ^-)^^(</>) - m - ^40- 

(3.13) 

Corollary 3.10 Any basic r-form (p is a transverse conformal Killing form if 
and only if 

F{<f)) + Aj<j) = -^8BdB<p + ^ ~ y , dBSB<P + ^—-K{<P). (3.14) 

r + 1 g — r + 1 g — r + 1 

Corollary 3.11 Any transverse Killing r-form (j) satisfies 

F{<f)) = -^5TdB(t>. (3.15) 
r + 1 
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Now we choose the bundle-hke metric gM such that Sbi^b = 0. Any bundle-hke 
metric may be modified to such a metric without changing qq [T^P5] . Then for 
any form 0, -C V tt 0, ^b= 0. Hence any transverse conformal Kilhng r-form 

Kg 

satisfies 

1 a 1 

< i{K^j^)dB(j), <P'>B= < Kij A 5t0, >B . (3.16) 



r + 1 g — r + 1 

From fl3.14p and fl3.16p . any transverse conformal Kilhng r-form satisfies 

< F(0),0>B 



= ^^IMb0IIb + — -^¥tHb + < A 5t0, >B • (3.17) 

r+1 g— r+1 g— r+1 

From fl2A2|) and (IXT?!) . we have 
< F(0),0>B 

> ^IMb0II| + ^.J IMIII + ,,^'~^,J K(4)0III- (3.18) 
r + 1 2(g — r + 1) 2(g — r + 1) 

Hence we have the following theorem. 

Theorem 3.12 Let {M^qm,^) be a compact Riemannian manifold with a folia- 
tion T of codimension q and a bundle-like metric gM such that 6bKb = 0. Suppose 
F is non-positive and negative at some point. Then, for any 1 < r < g — 1, there 
are no transverse conformal Killing r -forms on M. 

Proof. From (13.181) . if 2r > g, it is trivial. For 2r < g, it follows from the fact 
that * : i7^(jF) — > i7^"''(jF) is an isometry and *0 is a transverse conformal Killing 
form when is transverse conformal Killing form. So the proof is completed. □ 

Corollary 3.13 Let {M,gM,'^) be as in Theorem \3.12 . Suppose F is quasi- 
negative. Then, for any 1 < r < g — 1, there are no transverse Killing r -forms 
on M. 

Since F{(f)Y = P^{<P^) for any basic 1-form 0, we have the following corollary. 

Corollary 3.14 Let {M,gM,^) be as in Theorem \3.1^ Suppose that is non- 
positive and negative at some point. Then there are no transverse conformal 
Killing vector fields on M. 
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Remark. When T is minimal, Corollary 13. 141 was proved in 021] • 



Remark. On Riemannian manifolds, the conformal Killing forms are some- 
times denoted twistor forms, because conformal Killing forms are defined simi- 
larly to the twistor spinors in spin geometry. Moreover, the conformal Killing 
form is directly related to the twistor spinor ip, which satisfies the equation 
Vxi^ = —-X ■ Dip for vector fields X, where D is the Dirac operator. As 
with ordinary manifolds, on Riemannian foliations, transverse conformal Killing 
forms are related to transversal twistor spinors if), which satisfy the equation 
Vx"^ = ~\'^{.X)-Dh'ip — -^KB-'ip for all X G V{J-'), where Db is the basic Dirac op- 
erator [^f5|6] . In fact, let ipi, ■?/'2 be transversal twistor spinors on a transverse spin 
foliation. Then the basic r-form 0^ defined on any vectors Xi, ■ ■ ■ ,Xr € V{J^) 
by 

</),(Xi, ■ ■ ■ , X) = ((X* A ■ • • A X;) ■ 7^2) (3.19) 
is a transverse conformal Killing form. The proof is similar to the one in |23j . 

4 Gallot- Meyer's theorem for foliations 

Let {M^qmi^-') be a compact Riemannian manifold M with a foliation T of 
codimension q and a bundle- like metric qm- We begin with the following Lemma. 

Lemma 4.1 For any basic r-form on M , we have that 

I < 5b0,^(4)</'>b I < (4.1) 

I < C?B0, Kb A >B I < \\dB(l)\\B\WB A 0||b. (4.2) 

The equalities hold if and only if 5^0 = si(K^)0 and dB(p = tKB A for real 
numbers s, t, respectively. 

Proof. The proof follows from the Cauchy-Schwartz inequality. □ 
From Proposition 13.91 we have the following proposition. 

Proposition 4.2 Let {M^qmi^) be a compact Riemannian manifold with a fo- 
liation T of codimension q and a bundle-like metric qm- Then, for any basic 
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r-form (1 < t < g — 1), 

1 f — 1 

r + 1 r + 1 

= ^ttII^s^IIb + -^WSbHI- < i^(0), >B +^ < (5b«;b)0, >ij, (4.3) 
r + 1 r + 1 2 

where f = q — r. 

Proof. By direct calculation, (V^»^0, 0)b = |4(l</'ll) = ^b) b- By 

integrating, ^ V^tt 0,0 ^b= \ ^ {Sbi^b)<Pj(P ^b- So the proof is completed, 

using diioD, dngh i^M- ° 

From Proposition 14.21 we can generalize the Gallot-Meyer's Theorem(cf. [3]) 
to the foliation setting. 

Proposition 4.3 Let {M^qm-,^) be a compact Riemannian manifold with a fo- 
liation T [codimT = q) that has C -positive normal curvature and a bundle-like 
metric Qm- Then, for any basic r-form (1 < r < g — 1), any eigenvalue Xb of 
Ab for satisfies 

^ ^ fr{q-r + l)C + B^, if ^^0 = 0, 
- \ir + l){q-r)C + B2, if 5b0 = 0, 

where 



Bi = y-a2-aiyr(g-r + l)C; + — -as. 



B, = (^-(3,-f3^^{r + l)iq-r)C+^-(32, 

"1 = ^^ZT^maxdKfil), a2 = |^^max(5Bfi;s), pi = ^max(|/tB|) and P2 
^max{6BHB)- 



Proof. Let Ab0 = Ab0 and (^50 = 0. Since H/t^ A0||| + ||i(4)</'lll = II I^b|0IIL 
from (14. ip . we have 

I < z(4)0,5b0 >b I < Ai|||«:B|0||B||0b < Aimax(|KB|)||0||^. (4.5) 



13 



From (^r2U\f . fO]) and (gSD, we have 
l|Ttr0||| + ^-^IK(4)0lll (4.6) 

^ / ( ~ " + ^ ~ ~ I Ik^IaI - r(g - r)C + ^(^^/^b) 
Af^^-'^ + l q-r + l 2 

- f ^ — ~T^-B + ^ — ^— — max(|/tB|)A| - r{q - r)C + -max((5ijKB)) ||0||| 
Vg — r + 1 g — r + 1 2 / 

^ ~ ''^{Ab + «iA| - r(g - r + 1)C + a2}||0|||, 



where ai = ^ ^ '"' maxd/t^l) > and ^2 = L ^'', max((5gft:B) > 0. Hence we have 



q — r + 

As + aiA| -r(g-r + l)C + a2 >0, (4.7) 

which yields 



1 / ^,2 



A|>\/r(g-r + l)C + ^-a2-|^. (4.8) 



Hence we have 



2 / 2 

Ab > r(g - r + 1)C + ^ - «2 - aiy r(g - r + 1)^ + ^ - as- (4.9) 

Therefore, the first inequahty of f l4.4p is proved. For the proof of the second 
inequahty of (14.41) . let Ab4> = Ab0 and Sb<P = 0. From (14.11) . we get 

I < dB(p, Kb A >B I < A|max(|KB|)||0|||. (4.10) 
From ([22nD, (H> and flCT?]) . we have 

rt.0||| + ^-|^IK(4)0lll (4.11) 



< 



r + 1"^^ max(|KB|)A|; - r{q - r)C + -max((5BKij) j ||0||^ 
{As + AaI - (r + l)(g - r)C + /?2}||0|||, 



r + 1 

where /3i = ^maxd^^l) > and (32 = ^^ma.x{6BHB) > 0. Hence we have 



a| > y (r + l)(g - r)C + ^ - /32 - |, (4.12) 
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which yields 



Ab > (r + -r)C+t^-P2-Pi^ir + l)iq-r)C+^- P2. (4.13) 
Hence f lOl) follows. □ 

Proposition 4.4 Zet {M,gM,^) be as in Proposition \4.S\ Then, for any basic 
r-form (0 < r < g), 

(1) if (f) & KerdB is an eigenform corresponding to Xb = r{q — r + 1)C + Bi, 
then (f) is a transverse conformal Killing r-form and kb = 0. 

(2) «/0 G KstSb is an eigenform corresponding to Xb = {r + l){q — r)C + B2, 
then (f) is a transverse Killing r-form and Kb = ^. 

Proof. Let G Kerrf^ be an eigenform with = T{q — r + 1)C + Bi. From 
(14.61) . Ttr0 = and = 0. So </> is the transverse conformal Killing form. 

Moreover, from the second inequality in (14. 6p . we have 

\hb\ = niaxd^sl), SbK'B = max((5BKB). 

So \kb\ and ^^/^b are constant. Since dBi^B = [1], we have Ab^b = 0, i.e., 
Kb G 1-L\{J-'). On a foliation JF that has C-positive normal curvature, 7i\{J-') = 
[IH]. So there exists a basic function h such that kb = dh. Therefore, = 
Jj^Ah = Jj^{6bKb) = (5bKb)Vo1(M), which mean 5bKb = 0. This means that 
h is a harmonic function on M, and so h is constant, since M is compact. Hence 
Kb = 0. This proves (1). The proof of (2) is similar. □ 

Remark. Note that Bi{< 0) and B2{< 0) depend on the mean curvature form of 
JF. Therefore, Proposition 4.4 implies that, on a foliation JF that has C-positive 
normal curvature, if there exists a closed basic r-form (resp. coclosed basic r- 
form) with eigenvalue Xb = r{q — r-\- 1)C + Bi (resp. (r + l)(g — r)C + B2), then 
Bi = (resp. fia = 0). 

Now, we recall the tautness theorem [TfTT] on a foliated Riemannian manifold. 

Theorem 4.5 (Tautness theorem) Let [M^gM-,^) be a compact Riemannian 
manifold with a Riemannian foliation T of codimension q>2 and a bundle-like 
metric gM- If the transversal Ricci operator is positive definite, then T is 
taut, i.e., there exists a bundle-like metric cjm for which all leaves are minimal 
submanifolds. 
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From Proposition 4.3 and Theorem 14.51 we have the following theorem. 

Theorem 4.6 Let {M, qm, be as in Theorem \4.3\ Then, for any basic r-form 
0(l<r<g— 1), any eigenvalue Xb of Ab for satisfies 

A«>(:"-:;^>^- "*^=°- (4.14) 

\ (r + 1)(, - r)C, if Sb<I> = 0. ' ' 

Proof. From the assumption TZ^ > C ■ id, we have > {q — 1)C ■ id. From 
Theorem 4.5, since is taut, the basic component of the mean curvature form k 
is exact. By the reasoning in the proof of Corollary 4.2 in [13], we may modify the 
bundle-like metric qm such that the basic Laplacian is unchanged as an operator, 
such that the transverse metric is the same as that of the original metric, and 
such that K = 0. Hence the proof follows from Proposition 4.3. □ 

Remark. Let have C-positive normal curvature. Then, by the tautness theo- 
rem, we can choose a bundle-like metric qm such that k, = 0. So, from Theorem 
14.51 any closed r-form (p with Xb4> = r{q—r + l)C is a transverse conformal Killing 
r-form, and a coclosed r-form (p with Ab0 = (r + l)(g — r)C is a transverse Killing 
r-form. 

Now, we recall the generalized Obata theorem [13] for foliations. Let p^{X) > 
{q — 1)CX for any constant C > 0. If the smallest eigenvalue Ai of the basic 
Laplacian acting on functions is Ai = qC, then is minimal and transversally 
isometric to the action of a finite subgroup of 0{q) acting on the g-sphere of 
constant curvature C. Hence we have the following theorem. 

Theorem 4.7 Let {M,gMi^) be a compact Riemannian manifold with a folia- 
tion JF that has C -positive normal curvature and a bundle-like metric Qm- If M 
admits a closed basic 1-form cf) such that Ab4> = qC(f), then JF is minimal and 
transversally isometric to the action of a finite subgroup of 0{q) acting on the 
q -sphere of constant curvature C . 

Proof. Let be a closed basic 1-form and A^^ = qCcj). If we put / = ^s^, then 
Ab/ = dBdB^Bft) = ^bAbcP = qC6B4> = qCf. 

Since the normal curvature operator satisfies Ti^ > C ■ id on A^Q*, we have 
p^{X) > (g — 1)CX. So by the generalized Obata theorem, the foliation is 
minimal and transversally isometric to the action of a finite subgroup of 0{q) 
acting on the g-sphere of constant of curvature C. □ 
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5 Special transverse Killing forms 

Definition 5.1 A transverse Killing r-form is called special with (3 if it satisfies 

VxdB(i) = PX* A(l), \fXET{Q), (5.1) 

where P is a constant. 

Let (j) G be a special transverse Killing r-form with f3. Then we have 

AB(p = 6TdB(j) + Lt(j). (5.2) 

Since St = — Xla ^(-^a)^-Ea on fl%{J-'), from 05.21) we have 

AB(j) - LjJ = -p{q - r)cj). (5.3) 

From (13.151) . (15. 2p and (15. 3p . if </> is a special transverse Killing r-form with (5, 
then 

So we have the following proposition. 

Proposition 5.2 Zet J-" be a Riemannian foliation that has C -positive normal 
curvature on a Riemannian manifold {M^qm)- If <P is a special transverse Killing 
r-form with f3, then 

/3<-ir + 1)C. 
From ( 15. 4p and Theorem 12. 4| we have the following theorem. 

Theorem 5.3 Let {M,gM,'^) be a compact Riemannian manifold with a folia- 
tion T of codimension q and a bundle-like metric g^j. Assume that the transversal 
sectional curvature is a positive constant C . Then any transverse Killing r- 
form is special with (3 = — (r + 1)C . 

Proof. Let be a transverse Killing r-form, i.e., Vx(f> = ;q::i^(-^)'^B0- Hence we 
have 

i?^(X, F)0 = -^{t{Y)Vx - t{X)VY}dB<p. 
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Hence we have 



r 



VxdB(p- 



(5.5) 



r + 1 



a 



Since has constant transversal curvature C, we have from 



(5.6) 



a 



From (15.51) and (15. 6p . the proof is completed. □ 
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